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The low thermal conductivity of nano-crystalline materials is commonly explained via diffusive scat-
tering of phonons by internal boundaries. In this study, we have quantitatively studied phonon-
crystalline boundaries scattering and its effect on the overall lattice thermal conductivity of crystalline
bodies. Various types of crystalline boundaries such as stacking faults, twins, and grain boundaries
have been considered in FCC crystalline structures. Accordingly, the specularity coefficient has been
determined for different boundaries as the probability of the specular scattering across boundaries.
Our results show that in the presence of internal boundaries, the lattice thermal conductivity can be
characterized by two parameters: (1) boundary spacing and (2) boundary excess free volume. We
show that the inverse of the lattice thermal conductivity depends linearly on a non-dimensional quan-
tity which is the ratio of boundary excess free volume over boundary spacing. This shows that pho-
non scattering across crystalline boundaries is mainly a geometrically favorable process rather than
an energetic one. Using the kinetic theory of phonon transport, we present a simple analytical model
which can be used to evaluate the lattice thermal conductivity of nano-crystalline materials where the
ratio can be considered as an average density of excess free volume. While this study is focused on
FCC crystalline materials, where inter-atomic potentials and corresponding defect structures have
been well studied in the past, the results would be quantitatively applicable for semiconductors in
which heat transport is mainly due to phonon transport.VC 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4901887]
Over the last decade, miniaturized and nano-structured
crystalline systems have gained a lot of attention as potential
candidates for thermoelectric applications because of their
low thermal conductivities.1–4 It has been shown that, with a
relatively little change in electrical properties, the thermal
conductivity of crystalline materials at small scales can be
drastically reduced by the presence of free surfaces, internal
defects, and boundaries where the system sizes or the constit-
uent’s micro-structural sizes are comparable to the phonon
mean free path.5–8 A fundamental challenge facing the appli-
cable design of these miniaturized/nano-structured crystal-
line systems is a lack of a quantitative determination of
phonon scattering at crystalline boundaries and free surfaces.
Several experimental and computational attempts have
been carried out to study the lattice thermal conductivity of
miniaturized crystalline systems with at least one dimension
in the nanometer range, such as thin films, nano wires, and
nano particles.8–10 However, recently, it has been shown that
internal defects may have a major contribution in the thermal
conductivity reduction rather than free surfaces.11–14
Therefore, beside confining the dimension of systems, intro-
ducing or removing of defects and boundaries can be consid-
ered as an alternative method to tailor the lattice thermal
conductivity of crystalline materials.12,15,16 Hence, it is cru-
cial to explore and quantify the phonon scattering across
crystalline boundaries. In the early 1950s, using dislocation
theory and modeling the grain boundary as an array of dislo-
cation, some analytical models for phonon scattering at low
angle grain boundaries have been proposed.17,18 According to
them, phonon relaxation time has an inverse correlation with
the square of grain boundary misfit angle. However, the linear
dislocation theory and the dislocation picture of grain bounda-
ries fail for high angle grain boundaries, where complex
atomic structures are expected. In addition, it has been shown
that there is no linear correlation between grain boundary
energy and misfit angle,19,20 and more ordered atomic struc-
tures may be obtained for grain boundaries with higher misfit
angles. Hence, misfit angle may not be an accurate parameter
to characterize phonon-boundary scattering. While distin-
guishing the electron and phonon contributions to the thermal
conductivity of crystalline materials would be extremely diffi-
cult in experiments, atomistic simulations do not suffer this li-
mitation. In this study, using systematic molecular dynamics
(MD) simulations, we quantitatively explore the diffusive/
specular phonon scattering through crystalline boundaries and
its effect on the overall lattice thermal conductivity.
Accordingly, the specularity coefficient will be determined for
each boundary as the probability of phonon specular transmis-
sion at the boundaries. Finally, the relation of this parameter
with boundary energy and excess free volume will be dis-
cussed and an analytic model will be proposed.
From a theoretical point of view and as a simple approx-
imation, the lattice thermal conductivity k can be calculated
using well known kinetic theory18,21 as
k ¼ 1
3
sphCVv
2
g; (1)
where CV and vg are the specific heat capacity and phonon
group velocity. sph(x) is the phonon relaxation time which isa)Electronic mail: ramin.aghababaei@epfl.ch
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calculated using the well known Matthiessen’s rule22 where
all the phonon scattering mechanisms including phonon-
surface scattering are taken into account21
1
sph
¼ 1
sbulk
þ 1
sboundary
: (2)
In Eq. (2), sph combines the phonon relaxation time of the
bulk crystal sbulk with the one associated to the phonon-
boundary scattering mechanism through sboundary. Two scat-
tering mechanisms are considered: (1) phonon-free surface
and (2) phonon-internal boundaries scattering. This leads to
the relation21
1
sboundary
¼ 1 hfð Þ 2vg
Df
þ 1 hbð Þ 2vg
Db
; (3)
where Df is the characteristic length of the structure (e.g., the
distance between free surfaces) and Db is the micro-
structural length of the system (e.g., distance between inter-
nal boundaries). Note that the factor 2 in Eq. (3) appears
because a phonon travels on average half the distance
between boundaries before being scattered.23,24 It has been
shown that this would be a good approximation for the
Debye model at temperatures higher than 80K for poly-
crystalline silicon.25 The empirical parameters hf and hb
define the probability of specular scattering at free surfaces
and internal boundaries, respectively.21,26 A unity value for
any of these parameters corresponds to the pure specular
case, where boundary scattering does not contribute to the
thermal conductivity, while a zero value corresponds to the
pure diffusive scattering where Eq. (3) reduces to the well-
known Casimir limit.27 Recently, several expressions have
been suggested for hf as a function of surface roughness.
11,28
For simplicity, we ignore the effect of free surface roughness
and consider pure diffusive phonon scattering at the free
surfaces, i.e., hf ¼ 0. However, diffusive versus specular na-
ture of phonon scattering mechanisms across the internal
boundary will be taken into account via the hb parameter.
Since the phonon group velocity is weakly affected by sys-
tem dimensions,29 we consider that the phonon group veloc-
ity is independent of the domain size and rewrite Eq. (1)
using Eqs. (2) and (3) as follows:
1
k
¼ 3
vgCV
1
k1
þ 2
Df
þ 1 hbð Þ 2
Db
 
; (4)
where k1¼ sbulkvg is the bulk phonon mean free path.
In the context of molecular dynamics simulations, a
recently developed approach30 has been utilized to efficiently
and accurately extract the overall lattice thermal conductivity
of a nano-structure containing defects. To do so, we first mini-
mized the system at temperature 100K. Then, a heat impulse
corresponding to temperature 150K is imposed as a boundary
condition on one side of the computational domain and the
temperature evolution will be measured on the other side (see
the inset of Figure 1). Comparing the temperature evolution
with the analytic solution obtained from Fourier heat equation
reveals the lattice thermal conductivity of the system.
In the first part of the study, we use Mishin Embedded
Atom Method (EAM) potential31 for crystalline Aluminum.
Later, we examine other EAM potentials corresponding to
copper32 and gold33 to extend the results. In all the simula-
tions, we use periodic boundary conditions for lateral sides
to suppress the free surfaces contribution to the lattice ther-
mal conductivity. However, it has been shown that thermal
conductivity is strongly size dependent in the direction of the
heat flow, while the lateral free surface effect is negligible
for large enough cross sections.23,24,34 To characterize and
validate the material properties required for the theoretical
model (Eq. (4)), we first perform systematic simulations on
defect-free crystals at different temperatures. Accordingly,
to compromise between the predictive accuracy and the com-
putational cost, we choose 15 nm cross section and 90 nm
height samples for all the remaining simulations.35
Next, we introduce several boundaries into the system
with specific inter-spacing corresponding to the desired
boundary density. We focus our attention on symmetric pla-
nar defects such as the stacking fault, twin, and symmetric
tilt grain boundaries to prevent the crystal anisotropy effect
on the lattice thermal conductivity. The result in this study is
mainly presented for FCC crystalline materials where inter-
atomic potentials and corresponding defect structures are
well studied in the past.
Figure 1 shows the temperature evolution profiles of
crystal structures with different densities of a particular grain
boundary R13(510). It can be seen that increasing the bound-
ary density (i.e., decreasing boundary inter-spacing) delays
temperature evolution. The obtained temperature evolution
profiles are foreground with the Fourier predictions in Figure
1. Accordingly, the thermal diffusivity and corresponding
lattice thermal conductivity for each crystalline system can
be obtained. Similar results are also obtained for other types
of crystalline boundaries.
Figure 2 summarizes the results of the MD simulations
of the systems with various boundary structures and den-
sities. The contribution of the free surfaces is a constant
value since the system height, Db, remains fix in all the simu-
lations. Therefore, to focus our attention on the internal
boundary effect, we rewrite Eq. (4) to distinguish the
FIG. 1. Temperature evolution profile obtained from MD simulations and
Fourier solutions for different inter-spacing between R13(510) grain boun-
daries in aluminum crystal for a constant system size (90 nm height and
15 nm cross section). Inset shows the schematic of the MD simulation.
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contribution of internal boundaries to the lattice thermal con-
ductivity kb as follows:
1
kb
¼ 1
k
 3
vgCV
2
Df
 
¼ 3
vgCV
1
k1
þ 1 hbð Þ 2
Db
 
: (5)
For the sake of conciseness, in the remaining part of the pa-
per, we will refer to kb as the lattice thermal conductivity. As
shown in Figure 2, the inverse of the lattice thermal conduc-
tivity has a linear correlation with the inverse of the bound-
ary spacing for all considered boundary structures. In other
words, the lattice thermal conductivity reduces by increasing
the boundary density. Similar observations have been
recently reported for grain boundaries in 2D graphene
sheet,13 Si/Ge interface,36 and nano-crystalline silicon.25,37
From Figure 2, it can be seen that for the boundaries
whose atomic structures are very close to the perfect crystal
(coherent boundaries such as twin boundary and stacking
fault), there is only a negligible effect on the overall lattice
thermal conductivity. This reveals that the phonon scattering is
more specular for these coherent boundaries. This observation
ensures that enhanced mechanical properties with a negligible
loss of thermal conductivity can be obtained by introducing
twin boundaries into crystalline systems.7,38 Note that imper-
fections like dislocations and voids on twin boundaries and
stacking faults may further reduce the lattice thermal conduc-
tivity. For crystalline boundaries with more complex atomic
structures (non-coherent), such as grain boundaries, a signifi-
cant effect on the overall lattice thermal conductivity is
observed. For instance, as shown in Figure 2 the lattice thermal
conductivity decreases by a factor larger than 2 for a crystal
miniaturized with 10 nm spaced R5(310) grain boundaries.
Therefore, phonon scattering across these non-coherent boun-
daries is expected to be more diffusive. A similar phenomenon
has been experimentally observed where the electrical conduc-
tivity of a nano-twinned copper sample was very close to its
bulk value, however, it was much lower for polycrystalline
copper with nano-sized grains.7
To quantitatively characterize the phonon-boundary scat-
tering and its effect on the overall lattice thermal conductivity,
we compare Eq. (5) with the MD simulation results (dashed
lines in Figure 2). Accordingly, the specularity coefficient hb
for individual crystalline boundaries is obtained. Next, we
examine two characteristic quantities associated with individual
boundary structures: boundary energy and atomic excess free
volume.19,39–41 The boundary energy is defined as the excess
free energy associated with the presence of a grain boundary,
with the perfect lattice as the reference point in a unit area of
the boundary.19 The boundary excess free volume with a
dimension of length has been considered as a measure of the
local atomic disorder at boundaries.20,39 Some recent efforts
have been done to experimentally42 and computationally19,43
measure the excess free volume for various types of grain boun-
daries. From an atomistic point of view, the boundary excess
free volume can be computed as a difference between the vol-
ume of a crystal with an internal boundary and a perfect one
with the same number of atoms in a unit area of the grain
boundary. Recent atomistic simulations of particular grain
boundaries in silicon44,45 show that a rather disordered, high-
energy grain boundary has a significantly lower thermal con-
ductivity than a more ordered, lower-energy one. However, a
qualitative picture of this relation has not yet been explored.
Similarly, the reduction of the electrical conductance in pres-
ence of imperfections/defects due to the scattering caused by
the atomic disorder has been reported for gold.16
Figure 3 shows the variation of specularity coefficient as
functions of the boundary energy and atomic excess free vol-
ume. Although a crystal boundary with higher energy causes
a higher diffusive phonon scattering and consequently a
larger reduction in the overall lattice thermal conductivity,
no strong correlation is observed between the boundary
energy and the corresponding specularity coefficient. In par-
ticular, the stacking fault energy is twice that of the twin
boundary energy, although their specularity coefficients are
very close to each other.
On the other hand, Figure 3 shows a strong correlation
between the boundary specularity coefficient and the atomic
boundary excess free volume. Careful analysis of the atomic
structure for the stacking fault and the twin boundary reveals
that the excess free volume for these coherent boundaries is
very close to the perfect crystal. This can be understood by
noting that in FCC crystalline metals, these faults are formed
by displacing one or two (111) stacking planes parallel to the
boundary plane. In this case, the atomic distance and
FIG. 2. Normalized inverse lattice thermal conductivity versus inverse
boundary inter-spacing for different types of crystalline boundaries. Dashed
lines are the analytical prediction using Eq. (5) for different values of hb.
FIG. 3. Specular coefficient hb versus boundary excess free volume and
boundary energy for different crystalline boundaries in aluminum.
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consequently the excess free volume does not change consid-
erably in the direction perpendicular to the boundary plane.
Therefore, the specularity coefficient is close to 1 for these
planar defects and the boundary-scattering effect on the
lattice thermal conductivity is negligible. In contrast, a larger
excess free volume is observed for non-coherent boundaries
and consequently, a bigger specularity coefficient is also
expected for them. For instance, the specularity coefficient
for R5(310) grain boundary is smaller than 0.5, which
reflects the diffusive nature of the phonon-scattering across
it. Conclusively, it has been discovered that independently of
the complex atomic structure of the boundary, its excess free
volume dictates the phonon-boundary scattering in
crystalline materials. This observation shows that phonon
scattering across crystalline boundaries is mainly a geometri-
cally favorable process rather than an energetical one. This
is in agreement with a classical analytical model for low
angle grain boundaries,17 which showed that the phonon-
boundary scattering correlates with the misfit angle of the
boundary.
Next, we extend the obtained results to other crystalline
metals. We perform a similar set of simulations for gold and
copper.35 To combine the results for different materials, we
normalize Eq. (5) as
k1
kb
¼ 1þ 2 1 hbð Þ k1
a
1
n
; (6)
where we rewrite the boundary spacing Db in terms of n
number of atomic layers of size a (the lattice parameter
which is material dependent). The non-dimensional parame-
ter ð1 hbÞ k1a is plotted versus the normalized boundary
excess free volume for various crystalline boundaries in
Figure 4. It can be seen that the specularity parameter for dif-
ferent crystalline boundaries and different materials can still
be characterized via the excess free volumes. As seen in
Fig. 4 and figured out previously,46 the grain boundary
excess free volume for copper is in general higher than the
ones in gold and aluminum. Thus, a further reduction of the
thermal conductivity due to the grain boundaries is expected
for copper than for gold and aluminum.
Using Figure 4, Eq. (6) is rewritten for a general case as
k1
kb
¼ 1þ 6DVb
Db
: (7)
Remarkably, for the range of parameters studied herein, it
can be seen that all data collapse on a single fit depicted by
Eq. (7). It shows that the non-dimensional ratio of boundary
excess free volume over boundary spacing directly correlates
with the lattice thermal conductivity reduction in the presence
of crystalline boundaries. In addition, as expected, similar
results have been observed using a simple Lennard-Jones
inter-atomic potential, which shows the generality of the model
for metallic systems with different types of crystal lattice.
For nanostructured materials, the ratio of boundary
excess free volume over boundary spacing can represent the
average density of excess free volume which can be meas-
ured experimentally.42 This result highlights the importance
of introducing coherent boundaries such as twin in nanocrys-
talline materials to enhance the mechanical strength accom-
panying with a very negligible lattice thermal conductivity
reduction.7 In addition, this simple model can be used to
approximately predict the lattice thermal conductivity of
noncrystalline materials and optimally design miniaturized
nano-structures for thermoelectric applications.3,47 However,
the electron contribution need be considered to fully charac-
terize thermal conductivity of metallic systems. This study
and the proposed model can be also useful for semiconductor
materials where the phonon transport is known as the main
mechanism for heat transfer.48–50 Work on quantifying the
proposed model for semiconductors is under way and initial
results show similar trends for crystalline silicon.
Using atomistic simulations, we have quantitatively stud-
ied phonon-crystalline boundaries scattering and its effect on
the overall lattice thermal conductivity of crystalline bodies.
Considering various types of boundaries such as stacking
faults, twins, and grain boundaries, we have shown that in the
presence of internal boundaries, the lattice thermal conductiv-
ity can be characterized by the corresponding boundary spac-
ing and boundary excess free volume. It has been shown that
the lattice thermal conductivity of crystalline systems has an
inverse linear relation with their internal boundary density.
Additionally, we have demonstrated the direct correlation
between the boundary specularity coefficient and its excess
free volume. This observation confirms that the scattering na-
ture of phonons across boundaries can be characterized by the
local atomic spacing at the boundary. Conclusively, it has been
shown that in the presence of internal boundaries, the non-
dimensional ratio of boundary excess free volume over bound-
ary spacing governs the lattice thermal conductivity of crystal-
line systems. Using the kinetic theory of phonon transport, we
have presented a simple analytical model which can be used to
evaluate the lattice thermal conductivity of nano-crystalline
materials. Inversely, the excess free volume of a crystalline
boundary can be measured via its thermal conductance.
The research leading to these results has been supported
by the European Research Council (ERCstg UFO-240332).
We acknowledge helpful discussions from Dr. Bernd
Gotsmann from IBM Zurich research laboratory.
FIG. 4. Normalized boundary excess free volume versus normalized specu-
lar coefficient for different types of crystalline boundaries in various FCC
metals.
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